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1. — In the magnetic field of a cychc a;ccelemtor the eleotrons oscillate a,roun‘
an eqluhbrmm orbit. T eI

Three modes of oscillations are possﬂ)le which, under smtable eondltlons
“can be considered uncoupled radial betatron oscﬂlamons, Vertlcal betatro
oscillations and synchrotron oscillations. - Lal el

The radiofrequency accelemtmg fields and the radiation losses damp d.own,_.,ﬁ1
each oscillation mode. These damping rates have been evaluated by several
authors. , S , - ’ ; R

SokoLov and TERNOV (1) analysed the problem. determining. the quanﬁu'r‘n;}
states of an electron in the magnetic field of the accelerator and treadsmg bhe' ';_-
radiation as-a perturbation coupling these states. : :

RoBINSON (?) and KOLOMENSKII and LEBEDEV (®) cons1dered the dampm
as produced by the classical self-force due to radiation; further they -also 00k -
into account the random character of photon emission Whlch mduces oscﬂ-
lations. ' : s
'These have been the main lines of approach to the problem

While the results obtained for -the values of the damping rates are- a]l .
agreement for the case of a constant gradient machine, it is not so for an ac”’b .
- lerator with a more complicated struéture. : o -
' There is now in many laboratories a great mterest in storage rmgs requlrm
quite complicated magnet systems.

(*) A. A. Soxorov and I. M. TerNoOV: Sov. Phys. JETP, 1 277 (1955)
(?3) K. W. RoBINsSON: Phys. Rev., 111, 373-(1958). - -~
(®) A. A. KoromeNnskimr and A. N. LEBepEV: CERN -Symposium (1956) p-’*- :
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It is necessary in these machmes to have damping on all .the thre
of oseﬂlamons The posmble means suggested by RoBINSON and ORrr
"‘RAsov, KHEJFETS (4) or by KOLOM:ENSKI[ and LEBEDEV to reach such a
“tion differ strongly.
A Followmg ROBINSON what matters is the average energy 1ad1ated per:

- Whlch depends on the whole magnet structure.
5 In the ‘other case (KOLOMENSKI and LEBEDEV), the 1mporta1;1t elem,
’fbhe» verage of the local gradlent of the magnetic field. All this makes
‘fr_that it is desirable to have a new independent evaluation of the damping 3
rand of the equlhbrlum dimensions of the beams. In fact these are an iImports
f"7element for a storage ring, since they contribute to determme the numb.
‘reactions which take place in the machine.

‘In What follows we shall first illustrate our approach to the problem
‘ ’ns of Q. snnple example afterwards the real case will be studied.

f:-’i— Let us consuier a harmonic oscﬂlator colhdmg with particles o
ex erlal medmm so that it exchanges momentum and energy with the
‘Qm amd Jinstantaneously. . . :
‘2We can think of this as of & model of a partlcle in browman motion.
ef to an elastic force. '

e:W]ll ‘agsume that the spectrum of the energy given -to. the oscill
n oneé co]hsmn is deﬁned and known and that the mean value of the en
hanged ‘per " period is zero. ' ' S PP
,,’n the ‘absence, of colhs1ons the motlon is described by ‘the equatio

‘ xz + w*x =0
,J,ﬁ}i}e;\s‘olution b | . ‘
o vw:wocos(wt—l—(p)ﬁ

at will be the ‘motion when the 1nteract10n is switched on?

Let us suppose that three collisions take place at the times to, 1y Ty and-

one’ durmg the intervals t,—1%;, t,—1,. ‘

In ‘these ‘intervals the motion is still described by (1)-and if the equat

olved the solu’mons in to—tl, t;—1%, can only differ by the values: o

: The Variation of x, due to one collision can be. easily evaluated.
\s..a matter of fact (1) has a first integral ’ :

() Y g ORLov E. K. TARASOV and. S. A. KHEIFETS International OOnfe
H@gh Enevgy ,Accelemtors CEERN (1958), p. 306. :
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If a momentum gq is exch&nged-l‘atv the ﬁme“’ti th :
2(t;) + 8¢ and

- . _——q—

(4) 38 =——.

From (3) it follows that

(@ +0d) -, [ 28g  qg?

w? | wm " wme

=t
The rate of change of #7 is then:
5) Awh) =2 % o L 154 )

Now le’o us assume that the moment‘um spectrum p(q)
average values of ¢ and ¢2 are

jqp(q')-’d-q =M

"Substituting in () ¢ and ¢* with M2 and A and 1ntegrat1n
we get D(x}), the average Varlatlon of per perlod

T

(6) ' | D(xd) = 1 A(ag) dt =— %+

g L

In deriving (6) the number 7 of colhsmns per perlod 1s supf
large and further Mn/m <1 is assumed

+'52Mm7" -

' | - A M
@ zin) = 3(0) — %M)wkﬁmf

It 1s seen that a large number of collisions gives rlse to a- dam )

oscillations until their amplitude is reduced to-a Value mdepende
initial conditions. : : :

will be extended to this case.
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3. ~ Neglecting radiation the motion of the electrons is described by t
classical equations :

U,

. . . ) " 6
(8) ' myC W :;Fik U,

+where U, is the electron four-velbcity and F;, is in our case the guide magne
 field. | » | _

. Let us introduce a reference trajectory (R.T.), which can be thought
: -a8 the trajectory of an ideal electron of energy E, moving in the accelerat
without 'gaining or losing energy. The position of any electron will be
~ferred to R.T. in the following way (*):

. Let s be the arc length on R.T.; P(s) one of its points; A,, Ay, A; an orth
~normal triad such that, if df/ds=7{', ‘

e S B . )

dpr

14

A==
1 ds’
KX = 2y,

(9)
—HA, =12,

. _rwith‘ K and H curvature and torsion of R.T.; then the position of an electro
- will be P+3P where

T SP(s) = Ay o(8) -+ Re(s) + As2(s)
(10) ‘ :

L o(s=0)=0.

In the following R.T. will be assumed to be a plane curve (H = 0); F,t

- e a static magnetic field 3#. The R F. will simply compensate the radiatio

,‘1osses
i Every Vector will be decomposed along the At

'U’:—"Ui;\i, . (7’:17 27

‘The value that a physmal quanmty assumes on R.T. will be labelled b;

‘ subscrlpt €89 :
< 8P is assumed to be small of the ﬁrst order so that quan‘mtles like ,% ca
be expanded as a power series in o, @, z neglecting second order terms.

(*) The uge of this frame of reference was suggested to me by C. BERNARD:
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Other notations introduced are

(11) SR B
| - K#,, Ox’
E—E,
(12) b= g
~where K is the electron energy.
Then S# is given by
#, =0, '
H, =AW ,Enz,
(13) o\ H#y =1+ Eng),
Ko,
|%331 =-—=H,
_ . ec

The linearized equations of motion are -

o' = K,

"+ K3*(1 ~—vn)x =—FKp,
(14) .
2"+ Knz =0,

ﬁ = CdSt .

In writing down (14) terms in dv/v = (v —2,)/v; ‘have been _;neglét:’ﬁed:'i'
This is justified because at the energy considered - .-~ . -, .~

dv ‘ moc‘*
_pEz 2<<p’

and p is assumed to be of the sajme‘ order of Kz, Kz.

4. - The solutlon of the equatlons (14) for z and 2 have been Wldely'.
cussed for the case in which K and n are periodic functions of s (?).
Using the same notations as in reference (°) the solution for the U

" (®) F. D. Couraxt and H. S. SNYDER: Ann. of Phys.; 3, 1 (1958). .« -
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PRI
g

'.éan be written

(15) r = m(,\/ﬁ—; o8 (vrtme &) —py,

(15). Y= "’rvﬁ z . l exp [ulg,] ,
. 0 ’I‘

a, = 1V B, exp [— ilyp,] ds .

27w

;0 is the length of R.T. and if L 1s the arc length for one period of th
achme then f, has the period L.

w5 = xyV Br COS (0, -+ &) = @V B, COS Y, ,

:cﬁbéfé ‘the radial betatron oscillations.
he term — pw gives the deviations from R.T. due to the energy dif

z_zo\/ﬂ cos ( Ugvb—i—Eq,)—zovﬂ COS Yy 4

:Cémp'lete an_alogy with (16).

. (15) (17) describe the motion of one’ electron Wlth respect to R. T
hen the radiation and the accelerating cavities are neglected. 1‘
"When these are included the synchrotron mode of oscillations, 1.6. an o%cﬂ-'
atlon for p, comes in. To derive an equation for the oscillations we assume
*one acceleratmg cavity is present in the point s=1C, (I is an mtegex
”'bver) and that it furnishes to the electrons an energy

.eV cos eV, ‘
"Es' ¢ _ E: cos @, + fo(10,) ,

& =

. OnKeV, . e

: ;ﬁhef- the energy spectrum of the radiated photons is supposed to be
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TRO

the average values of ¢ and &* are given by (“47)‘

(20) (&) = w,(l+2nKe -+ 2p) =
55 .
2\ _ 578
where
2 . B, ‘ e? ‘ i
—_— — 3?2 = = e
We=73 "V K VT e T mye?’ 4 MoC

B e 18 thé‘radiated energy pér unit are lengfh: (20) can be obta;i' Aed
" the fourth component of the self-force acting on the electron (8 ).

18 correct in the energy region we are conmdermg \(.‘_)
Considering only zero order terms of (20) and assuming

(22) _ eVo/E cos ¢, = (w,» C,

we get the variation of p per turn:

The second variation is then

A\

2 o[ (14 1)0,]— o(10,)

2y — L _
‘D.p — Os Os ] b
and since a’sz:—Kp¢
23) . Dp=—vp, |
where |
) 2
24) . | a=lr.

(8) J. SCEWINGER: Phys. Rev., 75, 1912 (1949).

() See, for example, M. SaANDs: Phys. Rev., 97, 420 (1955). '

(%) L. D. Lanpavu and E. M. Lirsaitz: The Classical Theory of I“fwlds
1959), p. 233.
~ (%) The limit of vahdlty of this apprommatlon is given, for example by A,
‘MENSKY and .A. N. LesepEv: CERN -Symposium (1956), .. 447
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L L R Cs
S , 1
(25) * = UfKQP ds ,
‘, i : ‘ ‘ so

1s the momentum_compaction faetor

~ .~ The solution of (23) is

P = P, CO8 (sv,+ ) .

So = 82 = dg =0,

Sy — 03 xlz—r%,(m +,K_U) ’
Sz/:__cQXl:aE"i“ gz ’

>”’Q_'vf01’f an absorbed photoh; e << 0 for an emitted one.
“The variations in ', y', o' are obtained from

e

02

b= v, -+ A (2 + Kc) ) W

To see the effect on a;o, %) po we eXpress these quantltles as funetions of

. 1
w+pw Eﬁr(fv%rpw) ﬂ(w+pw }/—3—,

. f
R
e (3 ﬁv’—ﬂz)}%»_

@‘
I

sing (15), (17), (26) and substituting (27) in (28), (29), (30), Po, & and %
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‘are obtained:

To = wp + 2wy dxy+ da?

1 ., N L
Sy = ﬁ_{qp cos y, + <§1,u/3,, — B ) smyr} — 32'V/B, siny,,

baf = B’{”’ + (5 o ﬁ;w)z} + 302030 (50w — ﬁw)

Zoe = 28 - 22, 82, 3z,

B2) S — — 3 VE, sing,

(33) D5 = p)+ 2ep, cos (sv, + m) &

Now consider the case in which a photon of energy ¢ is radiated -at-s
this fbrmally corresponds to a rate of change of the energy &;0(s —=8;).
direction of these photons makes with the electron velocity an angle
- order myc*/E. This angle can be neglected, because the photons that matte
are very soft, in the case of the radial betatron mode.

It follows from (11) that the corresponding variation in 2, ¢’ is 2616
the order m,c?/H). Further we assume that only one R.F. cawty 1s pr’b"en
in the machine in the posmon s=1C, and it exchanges with the electr
photon of energy ¢, directed as A,. e

The rates of variation of p, #', are then

Ap =¢,6(s + 0—10,) —¢,;6(s — s,)
(34) : '
Az'=— ¢ (2'+ Ko)d(s +0—1C,),
where [ is an mteger number

In the case of the vertical oscillations it i is not poss1ble to neglect the angle G
since it will be seen below that this is the only radiation term that contrlbut'
to the vertical dimensions of the. beam. R

Now the contribution to Az of the R.F. is —e,2 5(s+o—l0)

Sinee the radiated photons are emitted in a cone making - ‘the ang
with v, it is clear that they do not contrlbute in the average to Az but
to (Az")2, 80 ‘that S
Ae'=—¢e,2'6(s +0— ZOJ,
(35) . S
' (Az')2 = &2 6(s + 0 —10,) + D% (s —s,) .
7. - Let us derive now the .equations for the amphtudes begmmn
- the vertical oscillations. From (32), (35) it follows that

(36)] AE) = + 2262 8(s + 0 — 10,V sin y, + -
B +-6283ﬂ,06(8—8 —|—ﬁ '26 3>_|_0-‘
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2y, Ay5¢2<ﬂ K,

| 2 5
8y

1 1 8N v Loy~ Lo

the dampmg rate (*).
In deriving (37 ) it has been assumed that the betatron. frequency is n

1 As[. . . ow
Ncgﬁ[ +am ﬁ+—pp,s_s;
I:’lp OO’S‘}/,- (ﬁw ﬁr#’)sm'yr}=+
—0§<’ws> 1\/—‘/’005% ﬂ( By — 51P>Si‘n\y}¥
g 1 o
B w(,\/', i P ) p— —— »— Py -+ K .
VL siny, |5 e eosy— sy gyt I

Averagmg is performed on a number N of turns such that ma,ny betatron
cillations occur while the synchrotron oscillations can be neglected. This is -
;lew]oeca,use v, L .. Taking inte account the per10d101ty of the. varlou
rms one gets the result

1 ow \
_T_ﬁr_— <a$ﬂ v/~ 2<ws>

:‘ The term +i{1~— '2/4}]s=os<ws>2, which derives. frem f,Az'2 of (32), can
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valuation -of (Aa?). leads to

o ' - i 5b

(40) - (Aw§>—24\/37"/19/ 1—|-<ws/F27
with _

g v : 1, 2] K3
(41) : . F, = <[1P2+ (éﬁrw_ﬂrw,> ]/3 ’
(42). . Fz—ﬁr P +<2_I3ﬂ/f ﬁﬂ/)) o

the radial betatron oscillations is obtained :

2, 55

(43) | D(w) = - 24\/31’

Ay F, + (wiH F,

' oscﬂlatlons
_From (27) we get

(44) Ap = & 6(s +0—10,) —e,0(s —s,) .

‘When (18), (20) are -substitﬁted in (44) it 1s nedesSai‘y ;t‘o'\‘rrem
that now (

(45) ’ , Ap =— ws(2‘nK:v + 2p) d(s —si) As . |

Neglecting in @ the betatron oscillation term, i.e. .aSS}:l.I’DiD
eq.. (33) becomes ) . o | S s,

A(po) = .{— 2p% €08 (1,5 + T)Ws(2 — 2n,K1p) + 2'5\5/3 7 A'y5K3L

Avéragmg we get

)y | | 2p5 b5
N , . 2y .
(46) o ,D(I)o)‘ T 24‘/3 /17, <K > ,
~“where - o
( - Tsffz s ’nzp S
7 39 - Sdpplemenfp’ al Nuovov:C"’L'm\ento-;r' ) o ’ . ,’\ ’
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9 = Tn this sectlon we want to discuss the results obtamed
- N otlce first that from the definition (20) it follows

< {49) , : — = 2 —
( i ) . | dp W4 2’nK1p)

/. Using (48), (49) the three damping constants (38), (39), (47) can be written as |

S . 1
68 | = <ws>,

< &g,
< 5

These results are the same as those glven by ROBINSON (2).
7 When evaluating (39") (47’) it is necessary to remember that the averages
ast be performed on the actual electron path ¢ or, what is the same, on
- R.T. provided that a term Ky is added to (49).

From (37' ), (43), (46) we can get the root mean square equilibrium dlmen-

sions of the beams:

J’55\/3 ﬁvm“@ 2/ {BH? >1

ag, = | 2d” (K= {7

155\/3 AF, V.o
dg, = 12 ﬂrmm (K*(1+ 2nKy — ONES
L 155\/3 ALKy
G5 = YPmax ‘[ 48 . <K2(1_ nKQ/})>} Y

glves the dlmensmns of the beam due to the oscﬂlatlon in the closed. orbit
— py associated with the oscillations in p. All the dimensions given by
'7 51) (5_2) are the maximum ores (along R.T.) a8 is shown by the factors

+ p—
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rage radius of the machine, becomes -

and this is in agreement with the formula glven by ROBINSON (2. -
The results (50), (51), (52) can be applied to a large class of cu’cula;r
lerators, i.e. to.all machines having the radial plane as plane of sym
~ In particular they are valid for the strong focusing non isomagnetic maﬂ
which are now considered as possible storage devices, as they can have dam
on all the three modes of oscﬂlatmns : S

I want to thank F. AMmAN, C. BERNARDINI and D. RITSON for‘_?‘ )
dlSO‘llSSlOIlS ‘ 5

APPENDIX

In this. Appendix we want to. d1scuss in detail the deuvatlon .of

tions (37), (43), (46).
The substﬂ:umn of (18), (21) and (22) (36) and the use of the rela;»

Y ZOIl i '!* . 1‘_
2 = ——13= f, COS Yp—— SIN Y, ¢ .
Ve T

- give us-

+ 23( /3 cos yv——sm% [(ws>0’ —|—f2cr ZC ]2 s—{—cr—*
24\/_1" o AysDB K Asd( s—s) ' ~ :

Remeber that the factor As, in the third term. on the.right- -hand:
comes in because (20) and (21) represent the energy and the square. of the.
radiated per unit arc length. In fact, we assume that the photon of energy
has been radiated in the interval s — s + As, 80 that the total energy radl
in a turn is equal to Cw): ‘

(A.2) : %i £y = fi w(s;)As =fw;('8)v ds = C(w} .

T 1
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Here M s the average number of photons emltted durmg one turn
“assumed to be very large.

i “Going- back to (A 1), and neglectmg terms f2o, we get for the aver

g varla,tlon of zo per turn

. No :
: ,'.:1‘)(@3) ———‘NLOfA(zﬁ)ds ‘=  :
R 4 v
) - : s ' 1 . _N e . .
= F02 >, {223@03} C, ( /5’ COS ¥, $in y, — sin? y,) 4+

o

+ 22w, )2 02(45 cos? Vot 802y, — ﬁ’q, COS Yy 81N ) bymno,
55 . 1 ‘ '
P — sghz . 3
+ 243 ey P g 2 e s

_gmg is performed on a number N of turns such that many betatron
ns -occur, while the syncrotron oscillations can be beglected.

e last term of (A.3) can be easily evaluated, since in the limit of M — oo,
O‘and ’ , .

1 -x¥.

VNCE {ﬁ‘K}s sAs+—f51{3ds

the betatron frequency is not an integer multlple of 2n/ Cs, the phase y,
011 all 1ts poss1b1e values in the pomt §= hOs, i.e. yq,(s—l— rLC;) for ﬁxed 8

1 . .
O, = N—Cff(sm Yoy COS ) ds
0

other Tand, it is a,lways possible to choose N in such a way that
ral’m (A.6) becomes almost equal to the integral over a certain number‘ :
& on perlods It follows, for, mstance, thafo ;

oy wo
fsin Yo CO8 p,ds =0 .

0




NO z {{F f(sin y, cos y)}Hj As

I(s) is a pGI'IOdIC function with perlod L and, if n is the number
of the machine, ;= nlL.
- Introducing m= M/n, (A.7) becomes

ny m

NC zh z {F(s) Slll ¥, CO8 Y)}s=s,-,>hA',5' 3

where a correspondence ¢ — (h,j) has been estabhshed
- Now let us assume that approx1mately Sin = Sj1F hL F 8;
then it follows that

1 mx ’ .
(A.8) NG 2 2. {F(s)f(sin p, COS ) }sms,n A8 =
— o 3.3 Py, cos it
= Y ASF(s; f(sin-y, cos’
NCL Zﬂ ( ,1) ;h {f( ) Vs ‘::{,f

— B 57 [ fsmy, cospyas,

It is then easy to get (43), (46).
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